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In this paper, we present a generalization of the classical Korovkin theorem on
positive linear operators. We deduce some convergence results for linear operators
defined on C*[0, 1], that preserve some cones of functions related to shape proper-
ties. Finally, we show some examples. © 1998 Academic Press

1. INTRODUCTION AND NOTATIONS

The well-known result of Korovkin [4] states that for a sequence of
positive linear operators {K,}, -, such that K, f converges uniformly to f
in the particular cases f(#) =1, f(¢)=t, and f(¢) = #3, then it also converges
for every continuous real function /. The set {1, , *} is called a Korovkin
set. This result was a starting point for the development of a related theory.
Since then many papers have appeared studying qualitative and quan-
titative Korovkin-type results for sequences of operators defined in many
different spaces.
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On the other hand, interest in conservative approximation has increased.
In this field the problem is to assign to each function another one
belonging to a more reduced set, in such a way that if the function to be
approximated verifies some shape properties then the approximating func-
tion also satisfies these properties. If the process is linear and positive, then
Korovkin theorem and their first extensions give simple and nice methods
to show the convergence. But if the process is not positive, then the study
is more difficult, and these extensions usually do not give in practice
suitable conditions for convergence.

In this direction, we state in advance the following propositions which,
although they are very particular cases of the results we are proving in this
paper, they help to understand our goal with this work. These results will
extend in many aspects the mentioned Korovkin theorem.

In the sequel, we shall consider the terms positive, increasing, concave,
and convex in a non-strict sense. Moreover, we use the notation C*[0, 1],
k=0, for the space of all real-valued and k-times continuously differen-
tiable functions on [0,1] endowed with the sup-norm ||, D’ for the jth
differential operator, and P, for the space of functions spanned by
{eq, €1, ., €r}, where e;(x) =x".

ProposITION 1. Let {K,},>,, K,: C*[0,1] > C?[0, 1], be a sequence
of linear operators that map positive and convex functions onto positive func-
tions.

If |IK,e;—e;|| =0 as n— o for j=0, 1,2, then

IK,f—fl—=0 as n—oo  forall feC?0,1].

Remark. An analogous result cannot be stated for sequences of
operators defined on C?[0, 1] that map positive and concave functions
onto positive functions. To see this, it is sufficient to consider a polynomial
operator K: C?[0,1] — P, defined in such a way that if fe C?[0, 1]
then D*(Kf)(x) = D*f(0) + (D*f(1) — D?*(0)) x for xe [0, 1], Kf(0) = £(0),
and Kf(1)=f(1). The constant sequence of linear operators {K,},=,
K,=KVn>1, holds the space P, fixed and maps positive and concave
functions onto positive functions but the operators are polynomial.

PROPOSITION 2. Let {K,},>;, K,: C*[0,1] > C?[0, 1], be a sequence
of linear operators that map positive and concave functions onto concave
functions.

If HDz(K,,ej) —DzejH —-0asn— oo for j=0,1,2,3,4, then

|D*(K,f)—D*|—-0 as n—oo  forall feC?0,1].
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PROPOSITION 3. Let {K,},>,, K,: C'[0,1] > C'[0, 1], be a sequence
of linear operators that map positive and increasing functions onto increasing

Sfunctions.
If ID(K,e;) — De;|| — 0 as n— oo for j=0,1, 2,3, then

|D(K,f)—Df|| -0 as n—oo  forall feC'0,1].

Here is an outline of the rest of the paper: in Section 2 we show general
criteria to obtain results similar to previous ones for sequences of operators
that preserve shape properties. These results, that will be proved in Sec-
tion 4 together with some corollaries, provided the key idea to state the
main theorem of this paper that appears in Section 3. Finally, in Section 5,
we make use of that theorem to show the convergence of two concrete
sequences of operators and present a particular Korovkin-type theorem.

2. CONSERVATIVE APPROXIMATION IN C*[0, 1]

A set of functions C is called a cone if for every fe C and « >0, af € C.
In this section we define two different types of cones related to shape
properties in the space C*[0, 1] and we state two theorems for them.

Let 0 ={0;},5, be a sequence with g,€{ —1,0,1} and let 4, k be two
integers with 0 <4 <k and g,0, #0. We denote

Coilo)={feC*0,1]:0,D'f >0, h<i<k}.

Let I'={i:h<i<k,0,#0,0,,,=0and 0,0,,,# —1}.
If I'= & then we call C;, (o) a cone of type I
If I' # & then we call C;, (o) a cone of type IL
We denote o'/1 = {g}/1} ;. with ¢//1=0 for i # j and ¢}/1 =0,

THEOREM 1. Let C, (a) be a cone of type I or II and let {K,},>,,
K,: C*[0,1]— C*[0, 1], be a sequence of linear operators.

If K(Cyal) = Cpoilo™) and | DXK,e;)—D¥e;| >0 as n— o for
every j=h, ..,k +2, then

|DXK,f)—D*|| -0 as n—o  forall feCO,1].

THEOREM 2. Let C,, (o) be a cone of type II, let re I', and let {K,,}, =1,
K,: C*¥[0,1] — C*[0, 1] be a sequence of linear operators.

If K,(C), 1(0)) = Cy, (6t) and | D"(K,e;) — D"e;|| - 0 as n — <o for every
j=h, ..k, then

ID"(K,f)—D'f|—-0 as n—oo  foral feC*O0,1].
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Note that Proposition 1 is a particular case of Theorem 2 taking 4 =0,
k=2,and 6={1,0,1,..}. Also, Propositions 2 and 3 are particular cases
of Theorem 1 taking, respectively, 7=0,k=2,0={1,0, —1, ..} and 1 =0,
k=1,0={1,1,..}.

Some results in this direction have appeared in previous papers: in [ 1],
Altomare and Rasa, by means of envelope techniques, consider the case
o={1,..,1,0,0,..}; in [2], Brosowski, using the Dedekind-completion of
a partially ordered vector space, considers the case o ={1,1,0,0, ..}; and
in [3], Knoop and Pottinger work with the hypothesis o, € {0, 1}.

3. AN EXTENSION OF KOROVKIN THEOREM

In this section we state a theorem that extends the previous results in the
following aspects: the domain of the operators, the cones of functions, the
role that played the D’ operator in Section 2, and consequently the sub-
spaces in which the Korovkin sets must be located.

Let X be a compact subset of R™, R* the space of all real-valued func-
tions defined on X, and C(X)< R¥ the subspace of all continuous func-
tions. Let B R¥*, let 4 be a subspace of C(X) with A< B, and let L,
L : B— R”*, be a linear operator satisfying L(A4) = C(X).

THEOREM 3. Let P={feB:Lf>0} and let C be a cone of A. Let V be
a subspace of A satisfying the following properties:
(v1) There exists ue V such that Lu(x) =1 for xe X.
(v2)
(a) Lo.(z)=0<Lg.(x)VxeX\{z},
(b) Vfed,Ja=a(f)>0/f=a=pp,+ feC.

For every point z € X, there exists ¢, €V C such that

Let {K,},>1, K,: A— B, be a sequence of linear operators satisfying the
following properties:

(k1) K(PnC)cP forn=1l.
(k2) For every feV, L(K, f) converges uniformly to Lf as n — 0.

Under these conditions, for every f e A, L(K, [) converges uniformly to Lf
as n— oo.

Proof. Let f be any function of 4. Due to the continuity of Lf and the
compactness of X, there exists a constant M >0 such that

—M<Lf(x)—Lf(y)<M  Vx, yeX. (3.1)
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Furthermore, if a point ze X and a number ¢>0 are fixed, then there
exists 0 =0(z) >0 such that if xe B(z, )= {xe X : |z— x| <J} then

& . &
—3<Lfx) - Lf() <3 (3.2)

According to assumption (v2), there is a function ¢, that verifies (a) and
(b). Let M4 be the minimum value of the function Lg, on X\B(z, J).
By using Eq. (3.1) and Eq. (3.2), it is verified that

Mp , MPp
—g—L%(X)E<Lf() Lf(z )< -+ Lo, (x )E VxeX, W}Zlé)

According to assumption (b), by taking a sufficiently large S, we have,
using (v1), that

Mp

M6<p2+ u+f Lf(z)ueC
and

AAij)z+ u—f+ Lfz) ueC.

But, using Eq. (3.3), these functions belong to P as well. Then, from
assumption (k1), for n > 1, the image by K,, of these functions are functions
in P and it follows that

e Mp
—3 LK, u)(x) —EL(anz)(X)

S L(K, f)(x) — Lf(z) L(K,u)(x)

Mp

L(K,u)(x )+M,s

L(K,p.)(x)  VxeX,

U)\Co

or equivalently

L(K, f)(x) < Lf(z) L(K,u)(x) + g L(K,u)(x) + %ﬁ L(K,p.)(x)  VxeX

d (3.4a)
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and
& Mp
L(K, f)(x) = —3 L(K,u)(x)+ Lf(z) L(K,u)(x)— A L(K,p.)(x) VxelX
d (3.4b)

By using assumption (k2) and (vl), there exists a number N(g, z) such
that if n> N(e, z) then

&/9 e/9

and

(2/9) M, (£/9) M,
g L)< LKp 0 <

+ Lo,(x) VxeX. (3.6)

Then, by using Eq. (3.4a), Eq. (3.5), and Eq. (3.6), if n > N(¢, z) then

L(K, f)(x)

LA @) |, o (B9 e Mﬁ< (e/9>Ma>
P 2 I A T Sy 2 o I R Vo S A V7
_& e, ¢ Mp

—9+Lf(z)+3+9+M6L(pz(x)

_ 2 ¢ Mp

=5 L+ Loy YxeX, (3.7a)

and by using Eq. (3.4b), Eq. (3.5), and Eq. (3.6), we have that if n > N(e, z)
then

L(K, f)(x)
(e/3)(e9) & |Lf(2)|(¢/9)

TBHILAa 3 e infn
(Lo + 0
- S LAE 5 Lo
:—298—;+Lf(z)—AAZL(/)Z(x) VxeX. (3.7b)
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On the other hand, due to the continuity of L¢_, there exists 0, > 0 with
0,<0=0(z) such that if xe B(z, J,) then

Lo.(x) <(g/i4)/?4". (3.8)

Consequently, using Eq. (3.7a), Eq. (3.7b), and Eq. (3.8), if xe B(z, d,)
and n > N(e, z) then

2¢

LK, f)(x) = Lf(2) <= (39)

In this way, by Eq. (3.2) and Eq. (3.9), we have proved that for all e>0
and ze X, we can find a positive integer N(e, z) and J,>0 such that if
n=N(g, z) and x € B(z, J,) then

|L(K, f)(x) = Lf(x)| <e.

The family of open subsets of X, { B(z,d.): ze X} is an open covering
of X. As X is compact, there exists a finite subset J of X such that
{B(z,0,):zeJ} is a finite subcovering of X. Now, if we choose N =
max{N(e, z):zeJ}, it easily follows the uniform convergence of the
sequence L(K, /). Indeed, for any point x € X, there exists zeJ in such a
way that x € B(z, d,). Consequently if n > N, then |L(K,, f)(x) — Lf(x)| <e. |

4. APPLICATIONS AND REMARKS

In the sequel, we denote 0 = {g\/'} with ¢{’ =g, for i # j and ¢}’ =0.
Recall that we denote ot/! = {g[/1} with ¢{/1=0 for i# j and ¢/ =0,

4.1. Proof of Theorem 1. We shall apply Theorem 3 as follows. Let L
be the operator ¢,D*, 4=B=C*[0,1], C=C, (d®), and V={e,,
€hi1s - €xypay. Observe that P=C, (') and PN C=C, (o).

Besides, we define u=(1/k!)o,e;, and for every ze[0,1] we define
@, eV such that D*p_(x)=0,(x—z)* for xe[0,1] and successively
Dip,(0)=0,(1+p;) with B,> | D" g, | fori=k—1,k—2, .., h.

We see that the hypotheses of Theorem 3 are verified. Indeed, if
h<i<k—1 with ¢,#0, then ¢,D'p.(x)=0,D'p.(0)+0,[5 (D" 'p,)>
a;D'p_(0)— ;=1 for xe[0,1]. Therefore ¢, € C and ¢, verifies assump-
tion (v2)(b). The rest of the hypotheses are easily checked. ||
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4.2. COROLLARY OF THEOREM 1. Let the sequence {K,},-, be as in
Theorem 1 and let C,, (o) be a cone of type I. If the sequence satisfies the
following properties:

(@) K(Chila))=Cyula) for n=1,

(b) HDk(Knej) kaejH —->0asn— oo for j=h,h+1,..,k+2,

(c) D'(K,e;) converges pointwise to D'e; as n— oo for i=h, ...,k—1
and j=h, .., k,

then
|DY(K, f)—Df|| =0 as n— o for all fe C¥[0,1] and i=h,h+1, ..., k.

Proof. By using the theorem, we obtain that D*(K,f) converges
uniformly to D*f for every fe C*[0,1]. Now, we shall prove the con-
vergence of the lower order derivatives at certain points (we shall only use
(a) and (c)).

Let fe C¥[0,1] and let re<ey,..,e,_,> and sele,, .., e,) satisfying
the following properties:

(i) D*s=o, M with M= | D],
(11) for i=h, .., k—1, whenever o; #0,
if 6,0,,, =1 then D'r(0) = Dif(0) and D's(0) =0,
if 0,0,,, = —1 then D'r(1)=D¥f(1) and D's(1)=0,
if 6,,,=0 then for « =0, 1, D'r(a) = Df(«) and D’s(a)=0.

We define w,=s+r—f and w,=f +s—r. It is verified that w,, w, €
Cy. (o) because o, D*w,, 5, D*w,>0 and by recurrence it follows that
;D'w,,a,D'w,>0 fori=k —1, k—2, .., h. Indeed, assume that ¢,D'w,>0
for /zi+1 and t=1, 2, then,

if ;=0 we have obviously that ¢,D'w,>0 for t=1, 2,
if 0;0,,, #0, calling «;=(1 —0,0,,,)/2, we have that for r=1, 2.

aiDitvt(x)=a,~D’W,(oc,~)+0if D"“wtzaij D'Ftlw,>0 Vxe[0,1],

% %;

because if ¢;6,,,=1 then o;=0 and ¢,D'"'w,>0, and if g,0,,,=—1
then o;=1 and o,D"*'w,<0. Finally,

if 7,1 =0 then ¢,D'w,>0 for 1= 1, 2 because they are concave func-
tions that vanish at the points 0 and 1. Indeed, o,D'**w,=0,,,0,,,0;
D' ?w, = —0,,,D'"?<0 (C, (o) is a cone of type I, so g,0,,,=—1),
and for =0, 1,
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a:(D'wy)(a) = ,(D's)(0) + 7,(D'r)(a) — a,(Df ) (o)
=0+0~(D7)(0<)—0-(D’f)(0<)=
a:(D'wy)() =a,(DY)(a) +a;(D’s)(a) — 0-(Dir)(0<)
—a(Df ) +0—,(Df)(x
By using assumption (a), we have that for n>1, o,D'(K,w,) =0 for

t=1,2and i=h, .. k.
In consequence, whenever a; # 0,

if 3,0,,, #0 then for a,= (1 —0,0,,,)/2 we obtain
a;D'(K,wy)(2;) = 0;(D'(K,s)(a;) + D'(K,r)(e;) — D'(K, f)(2;)) =0
and
a:D'(K,w,)(;) = 0,(D'(K, f)(a;) + D'(K,5)(2;) — D'(K,r)(2;)) = 0.

Therefore o,D'(K,s)(a;) > ;D' (K, [ )(o;) — ;D' (K, r)(a;) > —07,;D'(K,5)(2,),
from which, using assumption (c ) (D's)(a;) =0, and (Dr)(«;) = (DF)(«,),
it can be deduced that D'(K, f)(«,;) — D'f(«;). By analogy,

if 0, ;=0 then D*(K,, f)(0) —>D’f(0) and D'(K, f)(1) - Df(1)

Now we show the uniform convergence of the lower order derivatives.
If 6,6,,,#0, the uniform convergence of D'(K,, f) is a direct consequence
of the uniform convergence of D'*!(K, f) and the convergence of D'(K,, f)
at a certain point. If ;. ;=0 we obtain the uniform convergence of
D(K,f) and D'*(K, f) using the uniform convergence of D'**(K, f) and
the convergence of D'(K, f) at the points 0 and 1. |

Remark. 1In Theorem 1 and its Corollary the uniform convergence of
Di(K,,ej) to Diej for i=h, ..,k and j=h, ..,k +1 is not a sufficient condi-
tion. To see this, a linear polynomial operator preserving the cone C,, ,(o)
(type I) and fixing e; for j=4, .., k+ 1 can be constructed (see [5, 6]).

In fact, let K: C¥[0,1] - P, ; be a linear operator such that

DX(Kf)(x) = D*f(0) + (D*f(1) = Df(0)) x  for xe[0,1],
and satisfying the following properties:
— for i=h, .., k—1, whenever o; #0,
if g, ., =0 then D'(Kf)(0)=Df(0) and D'(Kf)(1)=Df(1)
if 0,0,,, #0 then D'(Kf)(«;) = D'f(a;), with o;= (1 — 0,0, ,)/2,
— if h>0 then for i=h—1, .., 0, D'(Kf)(0) = D¥(0).



QUALITATIVE KOROVKIN-TYPE RESULTS 153

The constant sequence of linear operators {K,},-,, K,=K Vn=>1,
preserves the cone C, ,(og) and holds the space P,,, fixed but the
operators are polynomial.

4.3. Proof of Theorem 2. 1t is again a direct consequence of Theorem 3.
By linearity, it is sufficient to consider o,=1 (then o,,,=1 or 0).
Now, let L be the operator D", A=B=C*[0,1], C=C, ("), and V=
{epy s €. In this way P=C, ,(cl"1) and Pn C=C, ((0).

Besides, we define u=(1/r!) e, and for every ze [0, 1] we define ¢,V
such that D*¢p_(x)=0, for xe[0,1] and if k>r+3, take successively
Dip (0)=0,;(1+pB,) with B,>|D' g, | for i=k—1,k—2, .,r+3.
Besides, D" *%p_(0)=1+p,,, with B, ,>|D " 3p.|. In this way,
D" 2p_>1 and D"g, will be a strictly convex function that can be chosen
in such a way that D'p_(z)=0<D"p.(x) for xe[0, 1]\{z} (to do this,
take a function g such that Dg=D"*1¢_ and choose D’¢_ (x)= g(x)—
g(z)=D" "o _(z)(x—z) for xe[0,1]). Finally, if r>h we define
Dip.(0)=0,(1 + ;) with ;> | D" ¢, | fori=r—1,r—2, .., h.

We have that ¢,eC and that ¢, verifies assumption (v2)(b) of
Theorem 3 because o, D'p,>1 for h <i<k such that i #r and o, #0. The
rest of the hypotheses of this theorem are again easily checked. |

4.4. COROLLARY OF THEOREM 2. Let the sequence {K,}, and the cone
Cy.i(0) be as in Theorem 2 and let | =min{I}.
If h<I and the sequence satisfies the following properties:

(@) K(Chila))=Cyla) for n=1,
(b) |D'(K,e;,)—D'e;| >0 as n— oo for j=h,h+1, ..k,

(c) D'(K,e;) converges pointwise to D'e; as n— oo for i=h, .., 1—1
and j=h, .., k,

then
|D'(K, f)—D¥f| =0 asn— oo forall fe C*[0, 1] and i=h, h+1, ..., L.

Proof. 1fK,(C, (0)) = Cy (o) then K,(C,, (0)) = C), 1(c") and by the
theorem, we obtain that D'(K,f) converges uniformly to D/ for all
feCHO, 1]

Now it suffices to prove the convergence of the lower order derivatives
at certain points.

We define o* = {0} such that 6} =1if g,=0 and /<i<k, and ¢} =0,
otherwise. C,, ,(g*) is a cone of type I and C,, ,(0*) = C,, (o).
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As in the last corollary, we consider fe C¥[0,1] and we define re
ey, ., er_yy and se ey, .., ¢,y with the same conditions for C, ,(g*). It
is verified that w; =s+r— f and w,= f+s—r belong to C, (c*), so for
nz1, K,w,, K,w,eC, (o). By analogy, for i=h,..,/—1 we obtain the
following results:

(i) ifo,0,,, #0 then D'(K, f)(a;) = Df(a;) with a;= (1 —0,0;,,)/2
(i) if o,,,=0 then D'(K, f)(0) —» D'f(0) and D'(K, f)(1)— Df(1).

Now again, the proof is ended with the convergence of the lower order
derivatives at certain points. ||

Remark. In Theorem 2 and its Corollary the uniform convergence of
D'(K,e;) to D'e; for i=h, ...l and j=h, .., k—1 is not a sufficient condi-
tion. To see this, a linear polynomial operator preserving C, (o) (type II)
and fixing e; for j=h, .., k —1 can be constructed (see [5, 7]).

For example, if a natural number N is fixed, the classical Bernstein
operator, By, in [0,1], represents a constant sequence of linear polynomial
operators that fix P, and preserve the cone C, ,(0) with o= {1,0, 1, ..}.

5. EXAMPLES

Next some examples show how we can use Theorem 3, firstly to state
different Korovkin-type results and secondly to prove the convergence of
some particular sequences of operators.

ExAMPLE 1. Let X be the closure of a bounded domain of R™, let A
denote the Laplacian operator, and let p;,(x)=x; for all x=(xy, .., X,,) €X
and i=1,..,m. Let {K,},>1, K,: C*(X)—> R, be a sequence of linear
operators satisfying that if fe CXX) with f >0 and Af >0, then K, f > 0.

In these conditions K, f converges uniformly to f e CX(X) as n— o if and
only if the uniform convergence is satisfied for the functions 1, py, ..., p,,, and
pit

Proof. The result is a direct consequence of Theorem 3. To see this, let
A=C*x), B=R*, Lf =f, C={feA:4f >0}, and V=_1, py, ., Ppu>
pi+ -+ p2>. Besides, we define u(x) =1 and ¢, (x)=(x;—z1)*+ --- +
(X, — 2,,)* for all xe X with z=(z, ..., z,,,) and x = (x1, ..., X,,,). |

m

ExaMpPLE 2 (Euler-Taylor Operators). Let N be a natural number
and let H={feCV7'[0,1]:3xo=0<x,< --- <x,,=1 such that fe
CMx; X401, =0, .y m—1}.
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Let {T,} .51, T,,: CN[0, 11— H, be the sequence of operators defined by

(f(0)+fo(0)+ +%x”DNf(0),

\

Let J, J: H— R pe the linear operator defined by

_ DY (0)+ DY, (%)
. ,

Jf(x)

where DYf_ and D™f. denote respectively the left and right derivatives of
order N of f.
Then J(T, f) converges uniformly to DVf as n— oo for all fe CM[0,1].

Proof. Euler-Taylor operators are not positive but they verify that if
feC™0,1], f>0,Df>0,..,D""'f>0, and D"f >0, then T,f>0,
D(T,f)=0,..DY"YT,f)=0, and J(T,f)=0. On the other hand,
J verifies that J(CV[0,1]) <= C[0, 1].

Now, the example follows if we apply Theorem 3 with 4 =C*[0, 1],
B=H, L=J, C={feCM0,1]:/>0,Df >0,..,DV"'f >0}, V={e,,
€1y Cyiays u(x)=(1/N!)x" for xe[0,1], and ¢, e V such that Lo, (x) =
(x—z)?> and Dip_(x)>1 for xe[0,1] and i=0, 1, .., N—1. In this way,
we obtain the result using that T,e;,=e; for i=0,.., N, |J(T,en,1)—
Jey  )I<(N+ 1)l and /(T ey, 2) —Jey o) <(N+2)!n.

Note that the uniform convergence of DY (T,f) to Df for
i=0,1,.,N—1 is also obtained observing that D(T,f)(0)= D¥(0)
fori=0,1,.,N—1. |

ExaMPLE 3. Let f[xq, Xy, .., X;] denote the divided difference of the
function feC[0,1] in the points xq,%x,..,X;€[0,1]. Let G=
{feC[0,1]1:3IM >0 such that |f[xq,xy,x5]| <M Vxq, x1,x,€[0,1]}
and let {K,},>1,K,:G— C[0,1], be the sequence of linear operators
defined by
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ff<0>+f[o,

1

n

12
}x—kf[o,,} x2,
n'n

o]
xe| 0, -
n

Jos[he

an<n 2>+Dan<n;2><xn;2>
+f[nn2’n;1’ 1Kxn;2>2’
\ xe<n;2,l]

Then K, f converges uniformly to f as n— oo for all feG.

.

Proof. K, are not positive operators (if f(z) =¢(1 —¢) then K, f(x) =
x(1 —x)—(x/n)) but they verify that if feG, f>0 and f[x,, x;, x,] =0
for all x4, x;, x, €[0, 1], then K, f > 0.

We shall prove this statement through several steps. Firstly remember
the formula for the divided differences we are using here.

i i+1i+2
(o]

n n n

S

(1)

>+f<;>> for i=0,1,..,n—2.

Let f be a function in G. Then

o (on( () (2) o imotno2

We shall prove these equalities by recurrence. Clearly D(K,f)(0)=
n(f(1/n) — f(0)). Now, assuming D(K, f)(i/n) =n(f((i+1)/n)— f(i/n)) we

have

(5.1)

(5.2)
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D&, f) ()

n

-tk (D2 (-2 ()2 (55 (2)
(s () (s () () ()
- ()~ (5)

If in addition we suppose that f[x,, x;,x;]=0 for all x,, x{, x,€
[0, 1], it is also obtained by recurrence that

an<’i>>f<’i> for i=0,1,.,n—2. (5.3)

Indeed, K, f(0)= f(0) and if we assume that K, f(i/n) > f(i/n), we have,
using (5.2), that

i 1 i 1 i+2
=/ ()-2/ () (57)
but  3(f(i/n) + f((i +2)/n)) = f((i + 1)/n)  because  f[i/n, (i + 1)/n,
(i+2)/mn]=0. This proves that K, f((i+ 1)/n)>= f((i+1)/n).

(2) Let feG, f=0, and f[xg, x;,X,]=0Vxy, x;,x,€[0,1]. Let
xeli/m, (i+1)/n] for any i=0,1,..,n—3, then K, f(x) =0
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Indeed, Egs. (5.1), (5.2), and (5.3) yield
i i+1 i ]
s> 1 (3 )+ (57) =1 ())=3)
n n n n
+<x—i>2f{i,i+1,i+2]
n n n n
By using again the convexity condition on f we have that f[i/n, (i+1)/n,

(i+2)/n]=0 and f(i/n) +n(f((i + 1)/n) — f(i/n))(x —i/n) = f(x). This
proves that K, f(x) = 0.

(3) Letfasin (2)and let xe[(n—2)/n, 1]. Then K, f(x)=0.
Firstly, we can write K,,f(x) =K} f(x) + K2 f(x) where

K=kt () (x50 o (57)

+l<x_n;2>2f[n—2’n—l’l}

n n

and

Now, by using (5.1) and (5.2),
K=k (22 (1 () (2))
(-2 (s (B2)

&, (2 s0-£ (3),

On the other hand, D*(K} f)(x)= f[(n—2)/n, (n—1)/n, 1]. Consequently,
if we define

e =, 0+ K, () = (),

where B,:C[(n—2)/n,1]—> P, is the classical Bernstein operator in
[(n—2)/n, 1] and if we use that g((n—2)/n)=K} f((n—2)/n), g(1)=
K! f(1), and D*g(x)=D* K} f)(x), it is obtained that K f(x)= g(x).
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Finally, g(x)=K} f(x) >0 by the positivity of the Bernstein operator
and Eq. (5.3) for i=n—2. Besides, K2 f(x)>0 because f[(n—2)/n,
(n—1)/n, 11>0. This proves that K, f(x) =K} f(x)+ K2 f(x) >0.

Now, the proof of this example follows if we apply Theorem 3 with 4 =G,
B=C[0,1], Lf=f, C={fe€A: f[xq, x1,x,]1=0Vxg, x;,x,€[0, 1]},
V="{ey, e,e,», u(x)=1, and ¢ (x)=(x—z)*for xe [0, 1]. Note that we
have already checked assumption (k1) of Theorem 3. Besides, assumption
(v2)(b) is verified because if f € G then its second order divided differences
are bounded. Finally K, e; converges uniformly to e; for i =0, 1, 2. Indeed,
K,eq=ey, K,eq=¢€;, and K,e,(x)=x/n+e,(x) Vxe[0,1] as it can be
easily proved by recurrence. ||
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